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We propose analytical forms, in both momentum transfer and impact parameter spaces,
for the amplitudes of elastic pp scattering, giving coherent and accurate description of the
observables at all energies
√
s ≥ 20 GeV. The real and imaginary parts are separately
identified through their roles at small and large t values. The study of the differential
cross sections in b-space leads to the understanding of the effective interaction ranges
contributing to elastic and inelastic processes.
1 Amplitudes
The proposed amplitudes in t and b spaces, connected by Fourier transforms, are written
TNK (s, t) = αK(s)e
−βK(s)|t| + λK(s)ΨK(γK(s), t) + δK,RRggg (t) , (1)
with the t-shape function
ΨK(γK(s), t) = 2 e
γK
[
e−γK
√
1+a0|t|√
1 + a0|t|
− eγK e
−γK
√
4+a0|t|√
4 + a0|t|
]
, (2)
and
T˜K(s, b) =
αK
2 βK
e
− b
2
4βK + λK ψ˜K(s, b) , (3)
with the b-shape function
ψ˜K(s, b) =
2 eγK
a0
e
−
√
γ2
K
+ b
2
a0√
γ2K +
b2
a0
[
1− eγK e−
√
γ2
K
+ b
2
a0
]
. (4)
The parameters (four for the imaginary and four for the real parts) have very regular behavior.
In Figure 1 we show the parameters αI (linear in log s) and λI (quadratic in log s of the
imaginary part, that together determine the total cross section.
The normalization is defined by
dσ
dt
= (~c)
2 |TR(s, t) + iTI(s, t)|2 , σ = 4
√
π (~c)
2
TNI (s, t = 0) . (5)
These amplitudes account for the non-perturbative dynamics governing elastic scattering at
high energies [1, 2, 3] . The imaginary and real amplitudes in t-space show respectively one
and two zeros. For very large t above 5 GeV2 there are additional perturbative contributions
to the real part, of very small magnitude (three gluon exchange Rggg).
2 Interaction Ranges
The differential cross sections dσˆelastic/d
2~b, etc, that correspond to interactions in rings of radius
b in the transverse plane are written
σelas =
(~c)2
π
∫
d2~b |T˜ (~b, s)|2 =
∫
d2~b
dσˆelas
d2~b
, (6)
σtot = 4
√
π(~c)2 TI(s, t = 0) =
2√
π
(~c)2
∫
d2~b T˜I(s,~b) =
∫
d2~b
dσˆtot
d2~b
, (7)
σinel = (~c)
2
∫
d2~b
( 2√
π
T˜I(s,~b)− 1
π
|T˜ (~b, s)|2) =
∫
d2~b
dσˆinel
d2~b
. (8)
In the LHS of Figure 2 we show the forms of the inelastic differential cross sections as
function of b for the energies 546 GeV and 7 TeV. These functions are also shown separately
for the cases of pure contributions from the Gaussian part and from the Shape function part
of the amplitude. We observe that the Gaussian part is more concentrated for small b, with
limited increase with the energy, and that the shape function part is extended for larger b
values, and that it determines the observed energy increase of the integrated cross section
(squared log s). The distinguished behaviour of the two parts of the amplitude (Gaussian and
Shape Function parts) is quantitatively shown in the RHS of Figure 2, where the average values
of the interaction radius are represented. These quantities are
〈b〉 = 1
N
∫
b
1
(~c)2
dσinel
d2~b
d2~b =
1
N
∫
b G(s, b)d2~b . (9)
with the normalization factor N. Analogous expressions are defined for the total and elastic
cross sections.
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Figure 1: The sum of the parameters αI and λI determine the pp total cross section through the
optical theorem. Their energy dependences (linear and quadratic respectively) are determined
with accuracy in the whole energy interval. The parameter βI is also shown.
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Figure 2: 1) b-dependence of the contributions of the Gaussian, shape and total amplitudes
to the b-differential inelastic cross section. The plot compares the behaviour at 546 GeV and
7 TeV ; 2) Average values of the interaction ranges related to the Gaussian and Shape parts,
each taken separately, and related to the whole amplitudes with both parts. We observe that
the Shape function leads to interactions that have longer ranges and stronger energy increases
(like quadratic in log s). The Gaussian interaction ranges increase only linearly with log s.
